The physics of rotation plays a fundamental role across all physical arenas, from nuclear matter [1][2][3], to weather patterns, star formation [4], and black holes [5]. The behaviour of neutral objects in a rotating frame is equivalent to that of charged particles in a magnetic field, which exhibit intriguing transport phenomena such as the integer and fractional quantum Hall effects. An intrinsic feature of both these systems is that translations along different directions do not commute, implying a Heisenberg uncertainty relation between spatial coordinates. This underlying non-commutative geometry plays a crucial role in quantum Hall systems [6] , but its effect on the dynamics of individual wavefunctions has not been observed. Here, we exploit the ability to squeeze non-commuting variables to dynamically create a Bose-Einstein condensate in the lowest Landau level (LLL). We directly resolve the extent of the zero-point cyclotron orbits, and demonstrate geometric squeezing of the orbits' guiding centres by more than 7 dB below the standard quantum limit. The condensate attains an aspect ratio exceeding 100 and an angular momentum of more than 1000h per particle. This protocol naturally prepares a condensate in which all atoms occupy a single Landau gauge wavefunction in the LLL, with an interparticle distance approaching the size of the cyclotron orbits, offering a new route towards strongly correlated fluids and bosonic quantum Hall states [7] [8] [9] [10] . arXiv:1911.12347v1 [cond-mat.quant-gas] 
In 1851, Foucault directly demonstrated the rotation of the Earth via the precession of a pendulum. This occurs because in the rotating frame, counter-and co-rotating motions no longer oscillate at the pendulum's natural frequency, ω. Instead, their frequencies are increased and decreased respectively by the Earth's rotation frequency, Ω, which leads to the bob performing epicycles as illustrated in Fig. 1a . In Foucault's experiment, for which Ω ω, this manifests as an apparent precession of the oscillation axis. If we imagine instead that Ω = ω, the centrifugal force then exactly cancels the restoring force. While the pendulum can still perform cyclotron orbits against the frame's rotation, the motion of the orbit's guiding centre is free. In a quantum-mechanical description, the energy spectrum is closely analogous to that of charged particles in a magnetic field. It forms discrete Landau levels spaced by 2hω, corresponding to different states of cyclotron motion, each with a large degeneracy arising from the possible guiding centre positions.
An intrinsic characteristic of both neutral particles under rotation and charged particles in a magnetic field is the noncommutativity of space. This can be seen from the quantised Hamiltonian of a Foucault pendulum of mass m [1] , H = mω(ω + Ω)(ξ 2 +η 2 ) + mω(ω − Ω)(X 2 +Ŷ 2 ), (1) which is the sum of two harmonic oscillators, corresponding to cyclotron and guiding centre motion with respective coordinates {ξ,η} and {X,Ŷ } (see Fig. 1a ). Crucially, while the absolute spatial coordinatesx =X +ξ andŷ =Ŷ +η always commute, the phase-space variables of a harmonic oscillator do not, and consequently
where B = h/(2mω) is the rotational analogue of the magnetic length. If an applied potentialV (x,ŷ) varies lit-tle over this lengthscale, it cannot resolve the cyclotron motion and only couples to the guiding centres. In this casê V (x,ŷ) →V (X,Ŷ ), and the resulting dynamics occurs within a non-commutative space [11] .
This non-commutativity of guiding center motion lies at the heart of the Hall effect. Each spatial variable generates translations in the orthogonal direction, meaning that a force along X effects motion along Y . Particles therefore drift along isopotentials of V with a velocity v d = Ω × ∇V /(2mΩω) in analogy to the E × B drift of electromagnetism. This flow is divergence-free, reflecting the incompressibility of phasespace distributions [12] , and defines a one-to-one mapping between a particle's initial and final position. Time evolution therefore always results in a purely geometric, equiareal transformation of the guiding centre distribution.
Ultracold atomic quantum gases offer a highly versatile experimental arena for studying rotating quantum fluids [13] . In Bose-Einstein condensates rotating close to the trap frequency, signatures of the gas approaching the LLL were seen in a softening of the vortex lattice [14, 15] . A principal goal is to address the quantum Hall regime, but the exacting requirements on the trap isotropy and rotation speed present a major challenge to experiments on equilibrium gases. Synthetic magnetic fields [16] [17] [18] have also been engineered by other methods, such as spin-orbit coupling [19, 20] , and by direct phase-imprinting in both optical lattices [21, 22] and synthetic dimensions [23] . Related experiments used modulated lattices to introduce geometric phases [24, 25] . Experiments demonstrated a transverse Hall response in both lattice transport [26] and superfluid collective modes [27] , and chiral edge states in synthetic dimensions [28, 29] .
Here, we directly exploit the non-commutativity of guiding centre motion to realise geometric squeezing into the LLL. To begin our experiment, we prepare a condensate Fig. 1 . Geometric squeezing of a rotating Bose-Einstein condensate. a, Viewed in a frame rotating at Ω, the motion of a Foucault pendulum with natural frequency ω separates into a slow co-rotating drift of the guiding centre (X, Y ), shown in blue, and fast counter-rotating cyclotron orbits with relative coordinates (ξ, η), shown in red. For Ω < ω the pendulum performs skipping orbits, while if Ω = ω the guiding centre motion is free. b, Atoms in an elliptical harmonic trap rotating at Ω = ω evolve under both a vector potential and a scalar saddle potential Vs, whose isopotentials are shown by red (Vs > 0) and blue (Vs < 0) dashed lines. Particles perform cyclotron orbits, whose guiding centres drift along isopotentials with a velocity vd (white arrows) orthogonal to the local force F = − ∇Vs (green arrow). c, In situ images of the condensate in the rotating frame. During the hold time at Ω = ω, the atoms flow out along one diagonal and in along the other, mediating squeezing of the distribution in guiding centre phase-space. The final image is overlaid with the isopotentials of Vs.
of N Tot = 8.1(1) × 10 5 atoms of 23 Na in an elliptical time-orbiting-potential (TOP) trap [30] , with trap frequencies (ω x , ω y , ω z ) = (
Here ω = 2π × 88.6(1) Hz and the trap ellipticity is ε = 0.125 (4) . We smoothly ramp the trap's rotation frequency from zero to ω, wait for a variable time t, and then obtain an absorption image of the in situ density distribution. Our imaging resolution is sufficient to observe vortices in situ with a contrast of ∼ 60%. These have a characteristic size set by the healing length, which is ∼ 300 nm in our system. This is significantly smaller than the quantum-mechanical ground state size of cyclotron orbits, set by the magnetic length B = 1.6 µm.
In the frame rotating at Ω, the condensate evolves under two distinct potentials. First, the frame rotation induces a vector potential and hence a synthetic magnetic field. Second, the centrifugal force and TOP trap give rise to a scalar poten-
For Ω/ω < √ 1 − ε the isopotentials of V are closed; the condensate remains confined, but deforms into an ellipse. In earlier experiments, unstable density modulations mediated the nucleation of vortices for rotation frequencies Ω/ω > ∼ 0.8 [31, 32] . By ramping sufficiently quickly we preclude breakup of the condensate, while allowing its ellipticity to adiabatically follow the equilibrium value [33] .
When Ω = ω, the scalar potential forms a saddle V s = mεω 2 (X 2 − Y 2 )/2, illustrated in Fig. 1b . Without a vector potential, atoms would be lost along the anti-trapped y-direction. Instead, the guiding centres drift outward along the x = y contours, and inward along the x = −y contours. This flow is illustrated by white arrows, and mediates squeezing of the spatial distribution. In Fig. 1c we show the measured evolution of the condensate density. The final image is overlaid with the known isopotentials of V s , whose coincidence with the atomic density provides a qualitative signature of isopotential drift. The small curvature of the diagonal contours arises from the known quartic corrections ∼ (X 2 +Y 2 ) 2 to the trapping potential [30] , and the spatial twisting of the condensate lies in close analogy to the twisting in optical phase-space induced by the Kerr effect [34] .
To measure the transverse Hall response, we obtain the radial drift speed as a function of the azimuthal force, which at a radius r is F (r) = mεω 2 r. Our measurements are shown in Fig. 2 along with the theoretical relation v d = F/(2mω), which shows good agreement without any free parameters. We infer the drift speed using a continuity equation; the atom number N inside a box (see inset) centred on r = 0 and with length 2R varies asṄ = −2v d n, where v d and n are the drift speed and one-dimensional number density at r = R. Integrating once gives 1 − N (t)/N (0) = 2v d t 0 dt n(t )/N (0), allowing straightforward evaluation of v d as shown in the lower inset. This method offers a convenient protocol for measuring the Hall response of any fluid.
While the drift velocity determines the local response to a force, the specific geometric transformation of the cloud depends upon the global shape of V s . Qualitatively, isopotential flow on a saddle in the presence of a magnetic field results in elongation and contraction along orthogonal diagonals. More quantitatively, in terms of the oscillator ladder operatorsâ = mω/h (ξ + iη) andb = mω/h (X − iŶ ) the single-particle Hamiltonian iŝ
where we define ζ = εω/2. Comparison with the one-mode squeezing operatorŜ(α) = exp([α * bb − αb †b † ]/2) reveals that time-evolution is equivalent to squeezing of the guiding centre phase-space distribution, analogous to phase-squeezing in quantum optics [35] . Consistent with the perspective based on isopotential flow, the imaginary squeezing parameter α = iζt describes dilation of the cloud along the diagonals of phase space by factors exp(±ζt).
In the limit ζt 1, the particles' guiding centres become widely distributed along one diagonal and sharply localised along the other. The residual transverse width of the cloud solely arises from the unsqueezed cyclotron orbits, which have a size ξ2 = B ν + 1/2 in the ν th Landau level.
The minimum orbit size σ LLL = B / √ 2 occurs in the LLL, where the cyclotron wavefunction is Gaussian and saturates the Heisenberg uncertainty relation ∆ξ∆η ≥ 2 B /2. The density of any condensate in the LLL is therefore a convolution of the guiding centre distribution with a Gaussian of width σ LLL . In the quantum optics analogy, this directly realises the Husimi-Q representation of the guiding centre Wigner function. In our case, at long times the cloud is an extended strip of transverse width σ LLL , realising a single Landau gauge wavefunction within the LLL.
In Fig. 3a we show images of the condensate before and after squeezing, and plot the major and minor cloud widths, σ ± , which are defined as the e −1/2 -radii obtained from a Gaussian fit. Initially, the chemical potential is µ 0 ≈ h × 3.4 kHz and the number of Landau levels admixed into the condensate wavefunction is ∼ µ 0 /(2hω) ≈ 20, hence the evolution is well-described by a hydrodynamic model which neglects quantum pressure [32] . The prediction of this model is shown by the red line, for which the only free parameter is the atom number [37].
For times t > 0, the cloud evolves under the squeezing Hamiltonian of Eq. (3) and the major width increases as σ + ∝ exp(ζt), illustrated by the dashed line. However, the minor width decays more slowly. This difference arises because the condensate size contains contributions from both the guiding centres, which are squeezed at a rate ζ, and from the cyclotron orbits, whose size depends upon the number of occupied Landau levels N LL ≡ µ/(2hω). In our experiment, σ − is generally dominated by cyclotron motion and its evolution is captured well by a simple scaling model. The chemical potential is proportional to the atomic number density ∼ N Tot /(σ + σ − σ z ), where σ z is the axial extent of the condensate. The major width always increases as σ + ∝ exp(ζt), and σ −,z ∝ √ µ when N LL 1. We therefore predict a timedependence σ − ∝ exp(−ζt/4) at early times, which is shown by the dotted line in Fig. 3a .
The falling chemical potential µ ∝ exp(−ζt/2) guarantees that eventually the condensate enters the LLL regime where µ < 2hω. As shown in Fig. 3b , we directly observe the saturation of σ − at the zero-point cyclotron width σ LLL imposed by Heisenberg uncertainty. Since the hydrodynamic model neglects quantum pressure, it predicts that σ − → 0. For comparison, the dashed line shows the width σ 0 = B of the non-interacting harmonic oscillator ground state, which corresponds to minimal, but isotropic, Heisenberg uncertainity in both cyclotron and guiding centre coordinates. This lies above our data at long times, and from the last five data we infer squeezing of the guiding centres by > 7 dB below the standard quantum limit.
In the second panel of Fig. 3b we plot the number of occupied Landau levels, N LL , inferred from the central density evaluated using the fitted hydrodynamic model. We indeed find that the crossover to LLL behaviour occurs for N LL ∼ 1; the dashed region corresponds to N LL < 1 where the hydrodynamic model is not applicable and this inference is no longer self-consistent. We also see a qualitative change in the shape of the cloud, which changes from a Thomas-Fermi to a Gaussian profile. This is shown in Fig. 3c , where we plot cuts Fig. 3 . Squeezing into the lowest Landau level. a, Evolution of the major and minor cloud radii, σ±, with insets showing representative in situ images of the cloud. Initially the condensate is approximately isotropic, while for long times the spatial aspect ratio exceeds 100. The red line shows the prediction of a hydrodynamic model for which the atom number is the only free parameter, and whose behaviour when Ω = ω follows simple scalings shown by the dashed and dotted lines (see text). b, The inferred number of occupied Landau levels NLL ≡ µ/(2hω), along with a zoom-in of the minor width evolution. As the condensate enters the LLL, we observe that its width saturates at σLLL = B / √ 2, shown by a solid line and corresponding to zero-point cyclotron motion. For comparison, the dashed line shows the width of the two-dimensional harmonic oscillator ground state, σ0 = B . The blue arrow denotes the effective broadening of an observed atomic distribution arising from our imaging system [36] . c, The transverse optical density (OD) profile of the cloud along with fits of Thomas-Fermi (red) and Gaussian (green) functions. At early times, interactions dominate and the profile is Thomas-Fermi in character, whereas when NLL < ∼ 1 we observe a Gaussian shape, which is characteristic of wavefunctions in the LLL. along x = −y at early and late times. If N LL 1, the healing length is much smaller than the magnetic length and the density profile is a Thomas-Fermi function (red line). On the other hand, if N LL < 1 the profile is Gaussian (green line) reflecting the cyclotron ground state. We note that at our latest times, the interparticle distance has grown to about 500 nm, close to half the size of a zero-point cyclotron orbit ∼ σ LLL . This signals the approach of the Bose gas towards the strongly correlated regime [7-10, 13, 18, 38] .
Microscopically, the squeezing operator mixes higher angular momentum states into the condensate wavefunction, in analogy to the admixing of higher Fock states in squeezed light [35] . In general, the angular momentum of a superfluid can either be carried by vortices, or by deformations which break rotational symmetry [39] . Here, since ∇ × v d = 0 the induced flow is irrotational, but the large aspect ratio gives a moment of inertia Θ = mN Tot (σ 2 + − σ 2 − ) 2 /(σ 2 + + σ 2 − ) ≈ mN Tot σ 2 + which is close to the rigid body value [39] . For clouds with σ + > 50 B this gives a per-particle angular momentum l z > 1000h despite the absence of any vortices inside the condensate [40] .
In principle, any inhomogeous potential unavoidably cou-ples to both guiding centre and cyclotron motion, and isopotential flow is only an approximation. In our case the azimuthal force induces both a transverse flow of guiding centres, and a collinear displacement in {ξ, η}-space, while the anisotropic curvature of V s shears the cylotron orbits into ellipses [1, [41] [42] [43] . In a Foucault pendulum, this astigmatism is generally the dominant aberration and was first nullified by Onnes [44] . Since ε 1 these effects are small; we estimate a deviation from diagonal flow of ε/4 ∼ 1 • , and a deformation of the cyclotron orbits by ε/8 ∼ 1% [43] . However, timedependence of V s can have a more profound effect. Our trap shows a rms variation in ω with ellipse orientation by 0.3%, giving a perturbation in the rotating frame with a frequency 2Ω which admixes higher Landau levels. This leads to a small breathing of the cloud visible as the gray data in Fig. 3 , while the blue points are averaged over one period.
In the experiments above, geometric squeezing was seen in the evolution of the condensate widths. To directly observe the velocity field inside the cloud, we now introduce a dilute gas of vortices which correspond to nodes in the atomic wavefunction and can serve as 'tracer particles' for the local flow. a b Fig. 4 . Squeezing of a vortex lattice. a, In situ evolution in both real space (top) and reciprocal space (bottom) after suddenly applying the rotating saddle. Initially the cloud is round, and the reciprocal lattice vectors lie on a circle. Squeezing is evident in both the condensate width and the vortex lattice spacing. b, Time evolution of the major/minor Thomas-Fermi radii of the condensate, R±, and the major/minor radii of the ellipse describing the lattice vectors, b±. The black dashed lines show exponential fits A exp(±ζt), with A the only free parameter, while the solid lines include the small contributions of quadrupolar collective modes and the non-zero size of the cyclotron orbits.
We prepare a ground state condensate rotating at 0.8 ω in an isotropic trap, and instantaneously apply the saddle V s rotating at Ω = ω. The initial chemical potential is µ ≈ h × 2.2 kHz giving a cyclotron orbit size ∼ µ/(2mω) B = 5.5 µm which is much smaller than the cloud's Thomas-Fermi radius of 21 µm, meaning that the observed width is dominated by the guiding centre distribution. In Fig. 4a we show the in situ evolution in both real and reciprocal space. Initially, the condensate is circular and contains a triangular Abrikosov lattice with sixfold-symmetric reciprocal lattice vectors. Subsequently, squeezing is evident in both the cloud shape and in the vortex lattice. Since the vortices are distributed throughout the whole cloud, this indicates that the coordinates of all particles evolve under the same squeezing transformation. For longer times, inter-vortex interactions eventually lead to a breakup of the lattice and the formation of vortex sheets [45] and clusters. In Fig. 4b, we show the evolution of the major and minor Thomas-Fermi radii of the cloud, R ± , and the major and minor radii of an ellipse fitted to the reciprocal lattice vectors, b ± . The dashed lines show fitted exponential functions A exp(±ζt), where the amplitude A is the only free parameter, which capture the data well. This confirms both the expected rate of squeezing, and the incompressibility of the guiding centre distribution. The oscillations in the data arise from excitation of quadrupolar collective modes with axial an-gular momentum zero and 2h, which for Ω = ω are both resonant with the cyclotron frequency 2ω [46, 47] owing to the evenly-spaced energy spectrum of Landau levels. The solid lines show a fit including these two modes, where we additionally account for the non-zero cyclotron orbit size.
Geometric squeezing naturally prepares a single Landau gauge wavefunction within the LLL, where the effective mass of particles is infinite [38] . A natural next step is to investigate the interplay between the degeneracy of Landau levels and the interparticle interactions, in particular with relation to vortex nucleation, the spectrum of collective excitations [48] , and the appearance of strongly-correlated bosonic states [7-10, 38, 40, 41] . The ability to resolve cyclotron motion and vortices in situ allows the study of chiral edge states and magneto-hydrodynamic turbulence in the quantum regime. From a metrology perspective, azimuthally-squeezed condensates might offer benefits for rotation sensing, and a route to spin-squeezing via a spatially-dependent coupling between internal atomic states [49] . W911NF-19-1-0511, the David and Lucile Packard Foundation, and the Vannevar Bush Faculty Fellowship. R.J.F. acknowledges support from the MIT Pappalardo Fellowship. A.S. acknowledges support from the NSF GRFP.
Methods:
We prepare a Bose-Einstein condensate of N Tot = 8.1(1) × 10 5 atoms of 23 Na in the |F = 2, m F = 2 hyperfine state, in a magnetic TOP trap [30] of rms radial frequency ω = 2π × 88.6(1) Hz, and with no discernible thermal component. The chemical potential at the cloud centre is µ 0 ≈ h × 3.4 kHz corresponding to a healing length of 250 nm. The nominal numerical aperture of our imaging objective is NA = 0.5. We characterise the effective imaging resolution of an atomic density profile arising from the diffraction limit, optical aberrations, and atomic motion during the imaging pulse of duration 3 µs, by measuring the core structure of individual vortices in a rotating condensate [36] . We infer an effective point spread function with a fitted Gaussian e −1/2 -radius of 670 nm, which is significantly smaller than the magnetic length B = 1.6 µm, and enables in situ imaging of vortices with a contrast of ∼ 60%.
Materials and Correspondence:
Correspondence and requests for materials should be addressed to rfletch@mit.edu.
The objective used for our in situ imaging has a nominal numerical aperture of NA = 0.5. In addition to the diffraction limit, an imaged cloud can also be broadened by optical aberrations, imperfections in the polarisation and frequency of the imaging light, and by motion of the atoms during imaging.
To directly characterise our imaging resolution experimentally, we measure the core structure of a quantum vortex. In Fig. S1a we show a rotating condensate prepared in a circular magnetic trap which has a radial trapping frequency ω = 2π × 88.6(1) Hz. The cloud rotation rate is Ω ≈ 0.75 ω, which is determined from the two-dimensional vortex number density, n v , according to n v = mΩ/(π ) [1] . From the measured Thomas-Fermi radius of the condensate, R ≈ 22.1 µm, and using the effective radial trapping frequency of √ ω 2 − Ω 2 , we infer a central chemical potential µ ≈ h × 1.9 kHz corresponding to a healing length of 340 nm. Fig. S1 . In situ image of quantum vortices. a, An in situ image of a condensate containing a vortex lattice. A radial average of the measured density, n, is performed around the core of each vortex within R/2 of the cloud centre, where R is the Thomas-Fermi radius of the cloud. b, The average of these profiles is shown by the blue points. We fit the data with a function obtained by convolving the theoretical core structure of a single vortex (see text) with a Gaussian function, whose e −1/2 -radius has an optimal value of 670 nm. The resulting curve is shown by the solid line, while the dashed line shows the theoretical curve without any broadening.
We perform an azimuthal average of the measured two-dimensional atomic number density, n, around every vortex located within a radius of R/2. The average of these individual vortex profiles is shown in Fig. S1b , where we compare the data to two models. The dashed curve shows the theoretical vortex core stucture, obtained by numerically solving the Gross-Pitaevskii equation for a single vortex within a uniform surrounding condensate [2] . The solid curve shows a fit function obtained by convolving this profile with a Gaussian of variable e −1/2 -radius σ, which simultaneously captures both the increased width and reduced contrast of the vortex well. The optimum value of σ = 670 nm corresponds to the effective broadening of a point source arising from both the diffraction limit and imaging imperfections. It is indicated by a blue arrow in Fig. 3 of the main paper.
For comparison, we measured the point spread function of our imaging system before installation in the machine, using a point source provided by a SNOM optical fibre tip [3] . A Gaussian fitted to this function has a e −1/2 -radius of 280 nm. The difference between this value and the observed resolution is approximately accounted for by motion of the atoms during imaging; we use a high-intensity imaging pulse with a duration of 3 µs, resulting in diffusion by ≈ 570 nm of a 23 Na atom transverse to the imaging axis.
